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Abstract. Several regularity criterions of Leray-Hopf weak solutions u to the 3D Navier-Stokes equa- 
tions are obtained. The results show that a weak solution u becomes regular if the gradient of velocity 
component V^u (or VU3) satisfies the additional conditions in the class of L q (0, T; Bp r (R 3 )), where 
Vh = (dx 1} dx 2 ) is the horizontal gradient operator. Besides, we also consider the anisotropic regularity 
criterion for the weak solution of Navier-Stokes equations in R 3 . Finally, we also get a further regularity 
criterion, when give the sufficient condition on 83113. 



1. Introduction 

In the present paper, we address sufficient conditions for the regularity of weak solutions of 
the Cauchy problem for the Navier-Stokes equations in R 3 x (0,T): 

— - i/Au + (n - V)n + Vp = 0, inM 3 x(0,T), 

' V-n = 0, inM 3 x(0,T), 
, u(x, 0) = no, in R 3 , 

where u = (ui,U2,Us) ■ R 3 x (0, T) — > R 3 is the velocity field, p : R 3 x (0,T) — > R 3 is a scalar 
pressure, and no is the initial velocity field, v > is the viscosity. We set V/i = (d Xl ,d X2 ) as the 
horizontal gradient operator and = d Xl + d X2 as the horizontal Laplacian, and A and V are 
the usual Laplacian and the gradient operators, respectively. Here we use the classical notations 

3 3 

(u ■ V)v = Ujd Xi v k , (k = 1,2,3), V • u =} j d Xi u i , 
i=i i=i 
and for sake of simplicity, we denote d Xi by <9j. 

It is well known that the weak solution of the Navier-Stokes equations (jl.ip is unique and reg- 
ular in two dimensions. However, in three dimensions, the regularity problem of weak solutions 
of Navier-Stokes equations is an outstanding open problem in mathematical fluid mechanics. 
Strong solutions are known to exist for a short interval of time whose length depends on the 
initial data. Moreover, this strong solution is known to be unique and to depend continuously 
on the initial data (see, for example, }22j . |24j). Let us recall the definition of Leray-Hopf weak 
solution. We set 

V = {4> : the 3D vector valued functions and V • 4> = 0}, 

which will form the space of test functions. Let H and V be the closure spaces of V under 
L 2 -topology, and under i? 1 -topology, respectively. 

For no € H, the existence of weak solutions of (jl.ip was established by Leray [15] and Hopf 
in [9], that is, u satisfies the following properties: 

(i) u € C w ([0,T);H) nL 2 (0,T; V), and d t u £ L X %T;V), where V is the dual space of V; 
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(ii) u verifies (1.1) in the sense of distribution, i.e., for every test function (j) G C°°([0, T); V), 
and for almost every t,to G (0,T), we have 

u(x,t) ■ (j)(x,t)dx — / u(x, to) ■ <t)(x,to)dx 
Jr 3 

/ [u(x,t) ■ (cj)t(x,t) + vA(j)(x,t))]dxds 
+ [ j [(u(x,t) -V)0(x,t)] • u{x,t))]dxds 

J to JS.3 

(iii) The energy inequality, i.e., 

\\u(;t)f L2 +2u [ ||V«(-,«)||^.da < Utiollia, 

Jto 

for every t and almost every to. 

It is well known, if uq G V, a weak solution becomes strong solution of (1.1) on (0,T) if, in 
addition, it satisfies 

u G C([0,T);V)nL 2 (0,T;H 2 ) and d t u G L 2 (0,T;H). 

Researchers are interested in the classical problem of finding sufficient conditions for weak 
solutions of (1.1) such that the weak solutions become regular, and the first result is usually 
referred as Prodi-Serrin conditions (see |20| and [21]), which states that if a weak solution u is 
in the class of 

u G L*(0, T; L S (IR 3 )), - + - = 1, s G [3, 00], 

t s 

then the weak solution becomes regular. 

The full regularity of weak solutions can also be proved under alternative assumptions on the 
gradient of the velocity Vu. Specifically (see [3]), if 

Vn G L\0, T; L S (R 3 )), - + - = 2, s G |, oo]. (1.2) 

ts 2 

H. Beirao da Veiga [2] extended Serrin's regularity criterion to the vorticity w = curln showing 
that if 

u G L q (0, T; V) with - + - = 2, - <r<oo, (1.3) 
q r 2 

then u is regular. In the marginal case r = 00, H. Kozono and Y. Taniuchi |10] proved the 
regularity of weak solutions under the condition 

u G L l {S,T-BMO), (1.4) 

where BMO is the space of bounded mean oscillation defined by 

/ G LUR 3 ), sup j^-r [ \f(y) - f BR[x) \dy < 00, 
x,R \£>R\ JB r {x) 

where fB R (x) ls the average of / over Br(x) = {y G M 3 ; \x — y\ < R}. 

Recently, the study of the regularity of weak solution involving Besov space becomes popular. 
For example, by establishing the logarithmic Sobolev inequality in Besov spaces, H. Kozono, T. 
Ogawa and Y. Taniuchi [llj refined the above two conditions to 

2 3 

uj G L q (0, T; 5° ) with - + - = 2, 3<r<oo. (1.5) 

q r 

Here and thereafter, Bp stands for the homogeneous Besov space, see Section 2 for the defini- 
tion. On the other hand, Chen and Zhang in [S] proved regularity criterion by imposing only 
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the two-component vorticity field. More precisely, they proved the regularity of weak solutions 
in the class of 

uj€L"(0,T;B° ) with w = (wi, t^.O), - + - = 2, - <r <oo,a < -. (1.6) 

In [12] . H. Kozono and Y. Yatsu showed that if the Leray-Hopf weak solution u of (jl.ip satisfies 

G) € L l (tt,T;BMO), (1.7) 

then u is regular. More generally, B. Yuan and B. Zhang in [25] prove the weak solution u 
became regular if uj satisfies 

w € L^(0,T; J B-« oo (R 3 ))pL^(0,T; J B-i- a (R 3 )) for < a < 1. 

As to the endpoint case, S. Gala in [8] showed that if 

then the solution u was regular. 

We point out that H. Kozono, T. Ogawa and Y. Taniuchi in [11] (Theorem 3.5) also got the 
full regularity of weak solutions under alternative assumptions on the velocity u. More precisely, 
if u satisfies 

U eL 2 (0,T;£& iOO (M 3 )), (1.8) 

then the solution u is regular. More generally, A. Cheskidov and R. Shvydkoy in [6] proved that 
the solution becames smooth if 

ue L r ((0,T);5|i), (1.9) 

for some r € (2, oo), where Bp q stands for the nonhomogeneous Besov space (for detail see [1]). 

Motivated by the mentioned above, in this article, we consider assumptions on the gradient 
of velocity Vm or the gradient of velocity component VhU (or Vu-j). 

Our main results can be stated in the following: 

Theorem 1.1. Let u be a Leray-Hopf weak solution to the 3D Navier-Stokes equations (jl.lj) 
with the initial value uq € V. Suppose the vorticity oj = curlu satisfies the condition 

V U €L 2 (0 ) T;B^ oo (K 3 )). (1.10) 

Then u is regular. 

Remark 1.2. By the definition of Besov space and Bernstein inequality (see (|2.2h in section 2), 
we have 

C^IMIro <||Vd|o-i <C||d| R o • (l.H) 

^OC^OO ^00,00 ^00,00 

From (jl.lip . it is obvious that condition the (|1.10p is equivalent to (|1.8|) . Therefore, Theorem 
11.11 is easy to get from the result of H. Kozono, T. Ogawa and Y. Taniuchi (Theorem 3.5) in 

mi- 

Theorem 1.3. Letuo and u be as in Theorem \l.l[ Suppose that one of the following conditions 
is true: 

(i) the Leray-Hopf weak solution u satisfies 

V ft «€£f(0,T;5^ oo (M 3 )). (1.12) 

(ii) u satisfies the following condition 

Vu 3 £ L^(0,T; J B^ oo (R 3 )) with < s < 1. (1.13) 

Then u is regular. 
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Corollary 1.4. Suppose that uq € V , and u is a Leray-Hopf weak solution to the 3D Navier- 
Stokes equations (jl.lj) . If u satisfies the condition 

nGL§(0,T;^ iOO (]R 3 )), (1.14) 
or, for any (small) positive real number e, satisfies 

u 3 G L^(0,T; j B^+ 1 ( ir3 )) with < s < 1. (1.15) 

Then u is regular. 

Remark 1.5. Theorem 11.31 pays attention to the case of the gradient of velocity component, 
the first result of it proves the regularity criterion by imposing only the two-component of the 
gradient of velocity field, namely the horizontal gradient components. By ([l.lip . the Corollan U.4l 
is easy to get from Theorem ll.3[ and we see that the first result of Corollar yd.4l is also a 
consequence of (j 1 . 8 1) or Theorem 11.11 However, the regularity result in case of V^ti satisfies 
(|1.12p is not a trivial corollary of Theorem 11.11 

In framework of the Lebesgue spaces, the regularity criterion problem has been in-deep study 
with the conditions in terms of one component V«3 ( for example, see [26], [19]) or one directional 
derivative d%u ( for example, see [18], [H]). Because of the embedding 

L'P(R 3 )) B^^R 3 )) ^ B^%(R 3 )), (1.16) 

with 2 < p < r, q < oo, & natural idea is to extend the regularity criterion results to the 
framework of Besov spaces. To our knowledge, there are some results in term of the whole 
velocity or the vorticity. Motivated by the literature [18] . |13j . we want to consider additional 
condition only on 8±U3, 82113, 83113 instead of Vu in the more general spaces. Our result reads 
as: 

Theorem 1.6. Let uq and u be as in Theorem \l.l\ Suppose that the additional conditions of u 
are satisfied 

83Ui € L^T^-^R 3 )), i = 1,2, (1.17) 

and 

4 . , 2 

8 3 u 3 € L^+^O^B-^QR 3 )) withO< s < -. (1.18) 

5 

Then u is regular. 

Theorem 1.7. Let uo and u be as in Theorem \l.l\ Suppose that u the additional condition 

24 . ., 8 

d 3U3 G L^T8(0,r;^%(]R 3 )) with 0<s<—. (1.19) 

Then u is regular. 

Remark 1.8. By the embedding (j!.16j) . we know that the condition (|1.17|) is corresponding 
to the endpoint case of the Prodi-Serrin conditions in the class of L q (0,T; L P (R 3 )) with p = 3 
and q = 2, which is consistent with (jl.2p . While the condition (|1.18p is in consistent with (|1.2p . 
however, we give a same range of q with 2 < q < 00 when < s < |. Furthermore, if we provide 
the sufficient condition, only in terms of ^3^3, we shall have a more strict condition, which is 
shown in Theorem 11.71 One can see the corresponding q varies from 3 to 00. 

For the convenience, we recall the following version of the three-dimensional Sobolev and 
Ladyzhenskaya inequalities in the whole space R 3 (see, for example, [7j, [II]). There exists a 
positive constant C such that 



r-2 r— 2 

2r 



\u\\ T < C\\u\\ 2 2r ||<9iu|| 2 2r ||<92u|| 2 2r ||<93u|| 2 

6-r 3(r-2) 



(1.20) 



< C\\u\\ 2 2r ||VU|| 2 



2r 
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for every u G ff 1 (]R 3 ) and every r G [2,6], where C is a constant depending only on r. Taking 
Vdiv on both sides of (|l.ip for smooth (u;p), one can obtain 

3 

-A(Vp) = ^2d i d j (V(u t u j )), 

therefore, the Calderon-Zygmund inequality in R 3 (see [23]) 

||Vp||, < C|||V«||xi|||g, K q < oo, (1.21) 

holds, where C is a positive constant depending only on q. And there is another estimates for 
the pressure 

||p||, < l<g<oo, (1.22) 

Recall also that if divu = then the vorticity ui =curfu= Vxa has the following estimates (see 

my- 

C\\oj\\ q < \\Vu\\ q < C(q)\\u\\ q , Kq<oo. (1.23) 
Moreover, if divti = 0, the expression 

Au = V(divu) - Vx(Vxu) (1.24) 

can be reduced to 

Au = -V x (V x u) = -V x uj. (1.25) 
On the other hand, note that divw = 0, applying (|l.'23p . we have 

C||V x u\\ q < \\Vu\\ q < C(q)\\V x oj\\ q , 1 < q < oo. (1.26) 

Therefore, by fjl.23|) and (jl.25p . we have 

C\\Au\\ q < \\Voj\\ q < C(5)||Au||„ 1< q < oo. (1.27) 

2. Preliminaries 

We begin this section with some notations and Lemmas, which is useful for us to prove 
the main results. In order to define Besov spaces, we first introduce the Littlewood-Paley 
decomposition theory. Let 5(R 3 ) be the Schwartz class of rapidly decreasing function, given 
/ € <S(R 3 ), its Fourier transformation Tf = f is defined by 



/(0 = / e-"<f(x)dx, 
and its inverse Fourier transform J 7-1 / = / is defined by 

f(x) = (2vrr 3 / e^fiOdt. 

JR 3 



More generally, the Fourier transform of any / G <S'(R ), the space of tempered distributions, is 
given by 

(f,g) = (f,g), 

for any g G 5(IR 3 ). The Fourier transform is a bounded linear bijection from S' to S' whose 
inverse is also bounded. We fix the notation 

S h = {(f>ES, [ (P(x)x^dx = 0, | 7 | = 0, 1, 2, • • •}. 

Its dual is given by 

s' h = s'/sk = s'/v, 

where V is the space of polynomial. In other words, two distributions in S' h are identified as 
the same if their difference is a polynomial. Let us choose two nonnegative radial functions 
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X,ip G S(R 3 ) supported in !B = G M 3 : |f| < 4/3} and £ = {£ G M 3 : 3/4 < |f| < 8/3} 
respectively, such that 

5>(2-^) = l,V£€M 3 \{0}, 

and 

x(e) + E^ 2 "^) = 1 ' v ^ eR3 - 

i>o 

Let /i = J 7 ~ 1 f and /i = F~ l x-> an d then we define the homogeneous dyadic blocks Aj and the 
homogeneous low-frequency cut-off operator Sj as follows: 



AjU = ip(2~ j D)u = 2 3j / h(2 j y)u{x - y)dy, 

JUL* 



and 

S jU = xC2~ j D) = I h{2?y)u{x - y)dy. 



Informally, Aj is a frequency projection to the annulus {|£| ~ 2 3 }, while Sj is a frequency 
projection to the ball {|£| < 2 J }. And one can easily verify that AjA^f = if \j — k\ > 2. 
Especially for any / G L 2 (M 3 ), we have the Littlewood-Paley decomposition: 



/ = E 4/- 

j=-oo 

We now give the definitions of Besov spaces. Let s £ R, p,q G [l,oo], the homogeneous Besov 
space _Bp j(? (lR 3 ) is defined by the full-dyadic decomposition. We say that / G Bp q (M. 3 ), if / G 
and 

+oo 

(2 js \\Ajf\\ LP y < oo, 

j=-oo 

with the norm 



P.9 



+oo 

£ 2«'||4-/llip)«. 1<9<oo, 



j=-oo 

sup2- ?s ||A,-/l|LP 1 9 = 00. 

It is of interest to note that the homogeneous Besov space -E>| 2 (IR 3 ) is equivalent to the homo- 
geneous Sobolev space H S (M. 3 ). The following Bernstein inequalities will be used in the next 
section. 

Lemma 2.1. (see pQ,) Let 2$ be a ball and <£ an annulus. A constant C exists such that for any 
nonnegative integer k, and couple (p,q) in [1, oo] 2 with 1 < p < q, and any function u of L p (R d ), 
we have 

Supp u C A*B => sup \\d a u\\ Lq < C k+1 X k+d{ p~^\\u\\ LP , (2.1) 

\a\=k 

Supp u C AC => C- k - 1 X k \\u\\ L v < sup \\d a u\\ L v < C k+l \ k \\u\\ L v. (2.2) 

\a\=k 

Lemma 2.2. (see [T]J Let 1 < q < p < oo and a be a positive real number. A constant C exists 
such that 

'p 



<C\\f\\ l r a \\f\f., , with P = at 1 - 

D oc,oo QiQ \ ( 



1 and 6 = -. (2.3) 
P 
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In particular, for fi = 1, q = 2 and p = 4, we get a = 1 and 
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^ClI/llV-! Il/ll* 7 ?, (2-4) 



and further, if we give the suitable values to parameters f3,q,p,a, we get other inequalities, for 
example 

6 < C||/|| 2/ _ 3 , Il/H^ 3 , ||/|| L 3 < C\\f\\W,Jff£. (2.5) 



DC , DC' 



Lemma 2.3. ('see [T]J ^4 constant C exists which satisfies the following properties. If s\ and 
S2 are real numbers such that si < S2 and 6 G (0,1)), for any (p,r) G [l,oo] 2 and any f G 
B*\ P| B^ r , then we have 

^ 1+ d- fl ). a ^CH/lllnll/llg^. (2.6) 



3. Proof of Main Results 

In this section, under the assumptions of the Theorem 11.11 Theorem 11.31 or Theorem 11.61 in 
Section 1 respectively, we prove our main results. First of all, we note that, by the energy 
inequality, for Leray-Hopf weak solutions, we have (see, for example, [22], [24] for detail) 



\u(;t)\\ 2 L2 +2v [ || Vn(-, s)\\ 2 L2 ds < K±, (3.1) 
Jo 



for all < t < T, where K\ = \\uo\\ 2 L2 - 

It is well known that there exists a unique strong solution u local in time if no € V . In 
addition, this strong solution u € C([0,T*);V) Pi L 2 (0,T*; H 2 (M. 3 )) is the only weak solution 
with the initial datum uq, where (0, T*) is the maximal interval of existence of the unique strong 
solution. If T* > T, then there is nothing to prove. If, on the other hand, T* < T, then our 
strategy is to show that the H 1 norm of this strong solution is bounded uniformly in time over 
the interval (0, T*), provided additional conditions in Theorem II .1\ Theorem 1 1.31 or Theorem 11.61 
in Section 1 are valid. As a result the interval (0, T*) can not be a maximal interval of existence, 
and consequently T* > T, which concludes our proof. 

In order to prove the H 1 norm of the strong solution u is bounded on interval (0, T*), combing 
with the energy equality (|3.1j) . it is sufficient to prove 



(3.2) 



\Vu\\ 2 L2 +u f \\Au\\ 2 L2 dT < C, V t G (0,T* 
Jo 



where the constant C depends on T, K\. 

Proof of Theorem 11.11 Taking the curl on (jl.ip . we obtain 



- vAu + (it • V)oj - (uj ■ V)it = 0. 
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We taking the inner product of above inequality with u in L 2 (R 3 ), and by using of the Holder's 
and Young's inequalities, as well as (11. 23ft . (11.27|) and (12.4j) . we obtain 



- — \ 
YdV 



\ 2 L 2 + v\\ Vw|| 2 2 = / (uj ■ V)u ■ uodx 

3 

y / ujidiuj 



ujjdx 



< c\ 

< c\ 

< c\ 

< CI 



Uj\\ L 4 ||Vlt||£,2 
Vti||^4 || Vlt||x,2 



(3.3) 



Vlt||p-1 || Alt 1 1 r2 || Vli| [2 



Vu|| 2 A -i ||V«|||a + -||Ali|| 2 2 . 



Vit|| 2 ._! ||w|| 2 2 + — 1| VojI 



L 2 ' 



'-Bootoo "~ 2 ' 2' 

Absorbing the first term in right hand side and integrating the above inequality, we obtain 



Wool 







L 2 



< 1 1 CJ lira + C 



|Vu| 



B- 



\uj\\ L2 dr. 



(3.4) 



Therefore, by Gronwall's inequality, one has 



\l 2 



+ v / ||Vcj|| ?2(iT < H^oll t2 exp ( C / HVixIIa-i tir 
Jo V Jo tx> '°° 



By using of Gronwall's inequality and condition (jl.lOp . we have 

w G L°°(0,T*;L 2 (M 3 )) n L 2 (0, T*; ^(M 3 )). 

Therefore, by (|1.23p and (|1.27|) . we get the H 1 norm of the strong solution it is bounded on the 
maximal interval of existence (0, T*). This completes the proof of Theorem ll.il 
Proof of Theorem 11.31 Firstly, we deal with (i). Taking the inner product of the equation 
(jl.lj) with — A/jit in L 2 (M 3 ), By integrating by parts a few times and using the incompressibility 
condition, we obtain 



,udx 



1 d f 

z at J R 3 

3 2 

^ ^djUkdjUjdjUkdx 

k,j=l i=l 

\Vu\\V h u\ 2 dx. 



(3.5) 



Applying Holder's and Young's inequalities, as well as (|2.4p . we have 

^ll V ^ll|2 + " HVfcVuHia < ||V h n|| 2 4 ||Vix|| L 2 

< HVftitlln-i llV^Vull^HVitll^ 

< HVftttlll-! ||Vu|| 2 2 + ^||V ft Vu|| 2 2 . 



(3.6) 



Absorbing the first term in right hand side and integrating the above inequality, we obtain 



||VH| 2 2 +^ [ \\V h Vu\\l 2 dT < ||V fe u(0)|| 2 2 + f ||Vfci 
Jo Jo 



it|L-i ||Vn|| L 2(ir. 



(3.7) 
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Next, we also use — Au as test function, and get 

3 



/ UidiUjdkkUjdx 

3 2 3 3 

/ / u^d^UjAhUjdx + / / / UidiUjAujdx + > / u 3 d 3 Ujd> 

U Js3 UU Jr3 U Jr3 



= Li(t) + L 2 (i) + L 3 (t) 

The calculation has been shown in [26| . for the convenience of readers, we list it below. By inte- 
grating by parts a few times and using the incompressibility condition, we get Li(t),L2(t), L 3 (t) 
as follows 

3 2 . 3 2 „ 

= ~y^,y^, dkU 3 d 3 Ujd k Ujdx - V" V" / u 3 d 3k Ujd k Ujdx 

3 2 ^ 3 2 

= ~y^y^ / d k u 3 d 3 Ujd k Ujdx + - V] V" / d 3 u 3 d k Ujd k Ujdx, 

233„ 233. 

^2(t) = d k UidiUjd k Ujdx UidikUjdkUjdx 

i=i j=i fc=i ^ R3 »=i j=i fc=i ^ K3 

233/i -^233/1 

= - ^ ^ ^ / d k UidiUjd k Ujdx + - ^ ^ ^ / diUid k Ujd k Ujdx, 
i=i i=i fe =i R3 2 i=i j=i fc =i ^ 3 

^3(*) = -T^yZ [ d 3 u 3 d 3 u j d 3 u j dx = \y^ I (diu x + d 2 u 2 )d 3 u j d 3 u : jdx. 

Therefore, by (|1.20p and Holder's inequalities, for every i (i = 1,2,3) we have 

< C / |V/,u||Vu| 2 ds 

<C||V h n|| L2 ||V U ||2 4 (3-8) 
^CHVhttlliallVulllallVhVull^llAullla, 

and hance we have 

^H Vn lli 2 + i/ l|Au|| 2 2 < C||V^|| i2 ||Vn||| 2 ||V fe V«|| L 2||A«||| 2 . (3.9) 
Integrating (|3.9p . applying Holder's inequality and combing A3. TH and (I3.8p . we obtain 

||Vu||| 2 + 2u I \\Au\\\ 2 dT 

< ||V«(0)||2 2 + (sup < s < t ||V ft n|| L2 ) H UVulliadr^ * 

i i 
iVftVulliadT ) ( / ||Au||2 2( ir) 4 (3.10) 



< ||V«(0)||| 2 +cQ ||VHI|-iJ|V«||| 2 ^ x (7 ||An||| 2 dr 
+ l|V^(0)||i 2 ^f\\Au\\ 2 L2 dr 
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By using of the Holder's and Young's inequalities, it follows that 



\Vu\\ 2 L 2 + v 



J \\Au\\ 2 L2 dT 







ii 

Thanks again to the energy inequality, we get 



<||Vu(0)||| 2 +C||V,n(0)||K 3 

/ rt X4/3 

+CU \\V h u\\l^jVu\\l*dT\ (3.11) 
<||Vu(0)||i 2 +C||V h n(0)||K 3 

/ rt g \ / rt \ 1/4 

+C / ||V h u||l-i ||V«||| 2 dr / \\Vu\\ 2 L2 dT 



\S7u\\ z L2 + 



/ \\Au\\ 2 L2 dr < \\Vu(0)\\h+C\\V hU (0)\\% 3 
Jo 

ft 8 

+C / HV^Il-i ||Vu||| a dr. 

JO ^oo,oo 

Therefore, by using of Gronwall's inequality, we finally obtain 

||Vu||| 2 + v f ||Ati||| 2 dr 

Jo t 

\Vu(0)\\ 2 L2 +C\\V h u(0)\\% 3 )exp(c / ||V fc «||L dr 



(3.12) 



by condition (|1.12p . we get the H 1 norm of the strong solution u is bounded on the maximal 
interval of existence (0, T*). This completes the proof of (i). 

Now we prove (ii). Taking the inner product of the equation (jl.ip with — A^u in L 2 (IR 3 ), we 
have (see [I] for detail) 



ld_ 

2dt' 



udx 



(3.13) 



■llVhull^+i/llVfcVullia =/ [(u-V)u]-A f 

<C \u 3 \\Vu\\\7 h \7u\dx 

Jwi s 

By using of the Littlewood-Paley decomposition, we decompose u 3 as follows: 

+00 

u 3 = 4«3 = Yl A-«3 + 4-«3, (3.14) 

j = -oo j<[cr} j>M + l 

where a is a real number determined later, and [•] denotes the integer part of a. Therefore, 
(|3.13|) becomes 

d -\\V h u\\ 2 L2 + v\\V h Vu\\ 2 L2 < h(t) + hit), (3.15) 



2dt' 



with 



Ii(t) = Cy / \AjU3WVuWVhVu\dx, 

3<{°] 

I 2 (t) = C V / \AjU3\\Vu\\V h Vu\dx. 



.y>H+i 
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In what following, we estimate Ii(t) and i^CO- F° r by using of the Holder's and Young's 

inequalities, as well as Lemma 2.1, we have 

h{t) <CY, \\AM\L"\\Vu\\ L 2\\V h Vu\\ L 2 

< C ( E 2|j ] WU a llV«M|V h Vu|| ia 

\i<H / ^ ' ' 

< C2lW||u 3 || L 2||Vn|| L 2||V fe Vu|| L 2. 
<C2 3CT ||n3||l 2 ||Vn||| 2 + ^||V,Vn||| 2 , 

the last inequality, we use the fact that [a] < a. As to l2(t), we take the same strategy to Ii(t), 
by the definition of norm of the Besov space, for any < e < 1, we have 

h{t) <C ll^lli-HVulliallVftVullia 
j>H+l 

<C 2-^2(- 1+ ^||4-V U3 ||L-||V«|| L2 ||V fe Vn|| i2 

j>[<r]+l 



< Cl Yl 2 ~ £J llV^llB-i+ellV^ll^llVftVull^ 

\i>H+i / 

< CJr^W+DiiVusll^HVulli, + ^||V,Vu||2 2 . 

^00,00 ZL 



(3.17) 



< C2- 2 -||Vn 3 |||- 1+£ ||V«||| 2 + j\\V h Vu\\l 2 , 

^00,00 4. 

the last inequality, we use the fact that a < [a] + 1. Inserting (I3.16j) and (|3.17j) into (I3.13|) to 
obtain 

|l|VHli 2 +HlV fc V«||i, < C2- 2 -||Vn 3 |||-^||Vn||i 2 +C2 3 -|| U3 |l! 2 ||Vn||| 2 , (3.18) 
Now, we choose a such that 

2f CT ||n 3 || L2 ||Vu|| i2 =2- ECT ||Vn 3 || B -i+ f ||V«|| i 2, 

then we have 

3 

s 2 

C2— ||Vu 3 || B -i+ e ||Vu|U 9 < CHuall^llVualllS^HVulUa. 

00,00 -DoOjOO 

Integrating (I3.18p . combing above two inequalities and the energy inequality (|3.ip we have 

\\V h u\\ 2 L2 +u f\\V h Vu\\ 2 L2 dT< || V h u(0)\\ 2 L2 +C + C /V^llE+ellVuH^dr. (3.19) 

JO JO ^00,00 
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Integrating (I3.9p . applying Holder's inequality and combing (13. 1 1) and (I3.19j) . we obtain 

||Vu||^ 2 + 2i> [ \\Au\\ 2 L2 dT 
Jo 

< ||Vn(0)||2 2 + (su Po < s < t \\V h u\\ L2 ) Qf \\Vu\\ 2 L2 dT 

iVftVull^adrV C / HAuHladrV (3.20) 



o 

< ||V«(0)||2 3 +C( ||V U3 ||E +E ||Vn||2 2 dT I x f /' ||A U ||| 2 dr X * 



o 



t \$ 



+ (l|V^(0)||| 2 +C) U \\Au\\ 2 L2 dr 
By using of the Holder's and Young's inequalities, it follows that 

■ j \\Au\\ 2 L2 dT 
<\\Vu(0)\\h+c(\\V h u(0)\\% 3 + l 



\Vu\\ 2 L 2 + V 



+^(/l|V«3||g ie ||V.||! 2 drj (3 . 21 ) 



< \\Vu(0)\\l 2 + C (\\V h u(0)\\% 3 + 1^ 
+C^||V«3|||2+ f ||Vu||| 2 dr^ Qjj|Vu|li^ ' 
Thanks again to the energy inequality, we get 

||Vu||| 2 + v J \\Au\\ 2 L2 dT < ||Vu(0)||| 2 + C (||V h u(0)||^ 3 + 1 

+C / \\Vu-M + J 1+E \\Vu\\ 2 L2 dr. 

JO ^00,00 

If we set s = 1 — e, then we have 



4 8 

with < s < 1. 



| + e 5 -2s 



(3.22) 



Therefore, by using of Gronwall's inequality, we finally obtain 

||Vu||| 2 + v j ||Au||| 2 dr 
Jo 

< (||Vn(0)||i 2 +C(||V,n(0)|lK 3 + l))exp(c^ llV^Hj^drV 

by condition (|1.13|) . we get the H 1 norm of the strong solution u is bounded on the maximal 
interval of existence (0, T*). This completes the proof of Theorem 11.31 

Proof of Theorem 11.61 We also split the proof into two steps. Recalling that in Theorem 
1.2, the vorticity co satisfies 

1 d f ^ f 

||w||^2 + v\\ Vw||^ 2 = / (lj ■ V)u ■ oudx = 2, / ojidiUjUjjdx. 
Jr 3 Jr 3 



2dV 
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Since uj = (u)±, 002,(^3) = (d2U 3 — d 3 U2,d 3 u\ — d±u 3 ,diU2 — c^ui), we put the detail computation 
to get 

1 d . 2 . Il2 
- 2jt M L * + v\\Vu\\ L > 



d 3 U2d 3 U2d\U\dx — I d\U2d 3 U2d 3 u\dx 
+ / d 3 uid 3 uid2U2dx - / d2Uid 3 u 2 d 3 uidx 



U2,{d2{d2u 3 diui - 2d 3 u 2 diui + diu 2 d 3 ui 

3 

-<9iU2<9i«3 - d 2 uidiu 3 + d\uid 3 ui)}dx 
u 3 {di(d 3 U2diU2 + diu 3 d 2 ui - 2d 2 U2d 3 ui 

3 

+d 2 U2diu 3 - d 3 U2d\u 3 + d 2 uid 3 U2)}dx 
3 



(3.23) 



then, by Young's inequality, we have 

1 d 2 11^ n2 
- Jt \\u\\ L2 +v\\Vu\\ L2 



< / |<9 3 u 2 | \diui\dx+ / |3 3 M2||9iU2||9 3 ui|dx 
+ / \d 3 u 1 \ 2 \d 2 u 2 \dx + / |d 3 u 2 ||d2«i||d3Ui|c2x 



+C / |it 3 ||Vu||Au|da;. 
<C I \d 3 u 2 \ 2 \Vu\dx + C [ \d 3Ul \ 2 \Vu\dx 
+C J |u3||Vu||Ait|dx. 



(3.24) 



= K 1 (t) + K 2 (t) + K 3 (t). 

Next, we estimate Ki(t) one by one, i = 1,2,3. Applying Holder's and Young's inequalities, as 
well as (fL23]) . (TOTjl and (J33]), we have 

= C / |a 3 n 2 | 2 |Vu|dx 
<C||a 3 « 2 ||| 4 ||V«|| L 2 

< C , ||^t*2|lB-i oo ||V^U 2 || i a||V«|| L a (3.25) 
<C||^U2||^-i ||Vu||£ 2 + ~||Au||| 2 



^CH^tialll-! |M|| 2 + ^HVu,||| 2 , 



K 2 (t) = C I ^u^V^dx^CWd^Wl-, |M|£ 2 + ^||Va;||£ 2 . ( 3 .26) 
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Now, we estimate K 3 (t), again, applying Holder's and Young's inequalities, as well as (11.20|) and 
(jl.27|) . we obtain 



K 3 (t) = C / |i*3||Vu||Au|ds 

< C\\u 3 \\ L ,\\Vu\\ LP \\Au\\ L 2 



< 



C\\u 3 \\ L 4Vu\\£ \\Au\\ L ? (3.27) 



where p and q satisfy 



< C\\u 3 \\l7 \\Vu\\ 2 L2 + ^\\Au\\ 2 L2 
= C|| U3 #||Vn||| 2 + ^||Va;||| 2 , 



111, 

- + - = - with 2 < p < 6, q > 3. 
p q 2 



For \\u 3 we have the following estimate. We use \u 3 \ q ~ 2 u 3 as test function in the equa- 
tion (jl.ip for u 3 . By using of Gagliardo-Nirenberg and Holder's inequalities, and applying the 
inequality (jl.22p . we have 



-4lMlL+CziV|u 3 |5||! 2 =-/ d 3 p\u 3 r 2 u 3 dx 
q dt J R 3 

<c [ \ P \\ U3 r 2 \d 3 u 3 \dx 



<c||p||^h3|||; 2 ||a 3 u3||^ (3 - 28) 

<C\\u\\ 2 L2 M% 2 \\d 3 u 3 \\ LP 

Z—fx 3(^t— 1) 

<C\\u\\^ \\Vu\\ L2 » \\u 3 \\l- 2 \\d 3 u 3 \\ L ,. 
The parameters in above inequality satisfy 

- + 4 + = 1, with 1 < a < 3, p > 7. (3.29) 

H P q 

By (jl.27p . (|2.3p and the energy inequality, The inequality (|3.28p implies that 

1 rl 3( M -1) 

2^IKIIL <C\\u\\J \\Vu\\ L2 » \\d 3 u 3 \\ L , 

3-m 3(m-1) 2 

<C\\u\\J \\Vu\\^" \\d 3 u 3 \\ l_\\Vd 3 u 3 \\l 2 (3 _ 30) 

Boo , oc 

3-^ 3(m~1) 1 _2_ !2 

<C|H|^ UVull^" ||a 3 n 3 || { \\Au\\l 2 , 

j-j oc oc 

Integrating (|3.3U|) . applying (|3.ip and Holder's inequality, we have 

r-t 3-/J. 3(m-1) -, 2 

2 

Li 

J -'oo,oo 
/3-1 

2w /3 \ ggQt-l) 



<II«3(0)||L+C / ||Vu|| L2 " \\d 3 u 3 \\ J_||An||f 2 dr 

J -'oo,oo 

/ ||flb«8|| ( r^HVuH^dr ( 3 - 31 ) 

Jo / 



< C 



\\Au\\\ 2 L 2dr) + |M0)||i, 



^00,00 

9 
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We choose 



then 

3/3(// - 1) 



2. 



Combing (|3.27j) and (|3.3ip . by energy inequality, and using Holder's and Young's inequalities, 



we get 

/' 

Jo 



K 3 (r)dr <c( sup \\u 3 \\l q ) q ~ 3 [ \\V u \\l 2 dr + ^- f \\Vu\\ 2 L2 dT 
\0<T<t J Jo it) Jo 

\\d 3 u4 {l -! ){ ^\\Vu\\l 2 drY q ^ ( f WVuf^dr) 



< c 



/ ll^tialP i "-' W^Ahdr] +C\\u 3 (0)\\i- 3 
\\VLj\\ 2 L2 dr 

V w 

<c(y o \\d 3 u 3 \r^\\\/u\\l 2 dr\ ||Vn||i 2 drJ 

+C|| U3 (0)# + ^ < ||V^lli 2 ^ 

/■i gQ3-l) 2q 

<c / no3^3ir ( ^ 3) - 9 ii^ii| 2 ^+c'ii- U 3(o)iii- 3 



(3.33) 



-* 00,00 



+- J HVwIl^dr, 

in above inequality, we note that q and f3 satisfy the condition 

q <i. 

/?(</ - 3p 

Integrating (13.24j) , combing (I3.25j) , (I3.26|) , (13.41j) , and applying Young's inequality, we have 



IMl£a + u / \\^ 0J \\h dT 
Jo 

<C [ \\d 3 u 2 \\ 2 \\uj\\ 2 L2 dT + C [ \\d 3Ul \\ 2 \\co\\ 2 L2 dT (3.34) 
JO O0 '°° Jo 

r-t q(P-l) 2q 

+C / ||^ 3 ||^l!^||u;||i 2 dT + C'|K(0)||2; 3 + ||a;(0)||| 2 . 

Jo 

If we denote s = then by IET551) and (|3~32jh we have 

4 , 2 

with < s < - 



P(q ~ 3) - q -5s + 2 5 
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By using of Gronwall's inequality, we obtain 



Ml ?2 + v / II Vu)\\ 2 T 2(It 



J 

< (c , h3(0)# + || W (0)||i 2 )exp(c^V 3 n3||^^ , (3.35) 
xexp^C^ \\d 3Ul \\l- loo dr\ exp \C J \\d z u 2 \\\^jT\ 

by the condition (|1.17p and (|1.18p . we have 

u £ L°°(0,T*;L 2 (M 3 )) n L 2 (0, T*; i^QR 3 )). 

Therefore, the H 1 norm of the strong solution u is bounded on the maximal interval of existence 
(0,T*). This completes the proof of Theorem 11.61 

Proof of Theorem 11.71 Firstly, we begin with (|3.13p . and by (|1.20p . we have 



<C \u 3 \\Vu\\V h \7u\dx 
7r3 



< C\\u 3 \\ Lq \\Vu\\ L p\\V h X7u\\ L 2 (3.36) 



6-p p-2 2(p-l) 



<C||«3||l«||V«||^' \\Au\\*i \\V h Vu\\ L2 p 

v 
2 



< C||u 3 ||^||Vn||J P ||Au||J 2 + £||V fc Vu||| a , 



where p and q satisfy 

111, 10 
_ + _ = Wlt h 2 < p < b,q > — . 
p q 2 3 

Therefore, integrating above inequality and using Holder's inequality, it follows that 



|2 



||V/,«||ia +v [ \\V h Vu\ 
JO 

rt 6-p p-2 

<\\V h u(0)\\ L 2+ / ||u3||i g ||Vn|U ||An||J dr 
j o 

6-P P-2 
/ ft \ 4 / rt p_2 ~\ 

< \\V h u(0)\\ 2 L2 + U h3|l27l|Vn||2 2 drJ U \\Au\\J dr 



For 1 1 it 3 1 1 li, we have the same estimate to (|3.3ip . in which the parameters satisfy (|3.32p and 

1 + 1 + ^1 = 1, withl<//<3, /3>^-. (3.38) 
H p q 4 
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Next, in view of (13.9p . integrating (13. 9p . applying Holder's and Young's inequalities and 
combing (13.37p . we obtain 



\\Vu\\ 2 L2 + 2v I \\Auf L2 dT 
Jo 

< \\Vu(0)\\l 2 + (sup < s < t \\V h u\\ L 2) QT \\Vu\\ 2 L2 dT 
x f / \\V h Vu\\ 2 L2 dr) 2 ( f ||A«||| a drV 



D — p p— 1 

<||Vn(0)||2 2 + ^V3#l|Vn||| 2 dr) * QT ||Au||jf dr) * (3-39) 
+||V^(0)||| 2 ( f \\Au\\ 2 L2 dr 



6—p 

<\\Vu(0)\\h+ I ll^3#||Vn||| 2 dr X5 



+c\\v h u(o)\\b+ v I ll^lli^r. 

J 

We finally get 

l|V«|li 2 + — / ||Au||| a dT 

/ * j*e_ \H (3 - 40) 

< ||Vu(0)||| 2 + C||V^(0)||| 2 + (J \\u 3 \\l7\\Vu\\ 2 L2 dry' P . 

Now, combing (|3.31|) and (|3.4Up . again, by energy inequality, and using Holder's and Young's 
inequalities, we get 

l|V«|li 2 + ^- / HAulliadr 
1 Jo 

< C (su Po < r < t ||« 3 ||L)^ (J HVulliadr) *~" + \\Vu(0)\\h + l|V^(0)||f 2 



< C (sup < T < t Hualll,) 3 - 10 + ||Vn(0)||2 2 + ||V^(0)||| 2 

4q(/3-l) 4 

<c(/ llW.^" 1 l|Vu||| 2 dr (/ \\Au\\ 2 L2 dr\ (3 . 41) 

8<? 8 

+C||n 3 (0)||lr 10 + \\Vu(0)\\h + l|V^(0)||| 2 

ft (-\_1\(_§_\ \ /3(3q-10)-4q 8 q 

/ ll^alP / K "- i; ||Vu||i a dr +C||n 3 (0)||lr 10 

+ \\Vu(0)\\h + l|V^(0)||| 2 + ^J* \\Au\\ 2 L2 dr. 
In above inequality, we note that (3 and q satisfy the additional condition 
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By Holder's and Young's inequalities, as well as the energy inequality, from (|3.4ip we have 

ft 

18(3+10) 

4«03-l) 



Vu|| 2 r2 + v 




<c\ 1 \\dzuz\rr w> -* q w u \\-udT\ 1 / \wu\\ 2 L2 dT 



-c\\u 3 miT 10 + \\Vu(o)\\l 2 + \\v hU (o)\\- L2 

r-t 12(/3-2) 

< C / ||«9 3 «3|| 4,3 2 37 ||Vu||? a dr 

JO & 

21/3 8 

+C|N(0)||ir 5 + ||W(0)||| 2 + ||V^(0)||f 2 . 

Note that j5 > if we set s = -wz^, then we have 

12(B -2) 24 . , n 8 

— y ir = with < s < — . 

4/3 - 37 8 - 29s 29 

By using of Gronwall's inequality, we obtain 
||Vu||| 2 + v [ \\Au\\ 2 L2 dT 



(3.42) 



< 



/ 24/3 g \ / ft 24 

[C\\u 3 (0)\\%- 25 + \\Vu(0)\\h + l|V^(0)||I 2 J exp (C J ||^« 3 |||J' dr 



(3.43) 



by the condition (|1.19p . the H 1 norm of the strong solution u is bounded on the maximal interval 
of existence (0, T*). This completes the proof of Theorem 11.71 
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